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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMO5, UNIT FM2

INTRODUCTION

This guide includes student’s responses to questions from the June 2019 International A-level Further
Mathematics (9665) FM05, Unit FM2.

The questions are presented with mark scheme, student responses and commentary from the Lead
Examiner.

ASSESSMENT OBIJECTIVES

The exams will measure how students have achieved the following assessment objectives:

e AO1: Recall and select knowledge of mathematical facts, concepts, models and techniques required
to solve problems in a variety of contexts.

o AO2: Construct rigorous mathematical arguments and proofs through use of precise statements,
mathematical manipulation, logical deduction, modelling assumptions and justifications to solve
structured and unstructured problems, and to deduce, interpret and communicate results.
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMO5, UNIT FM2

KEY TO MARK SCHEME ABBREVIATIONS

Jor ft

CAO

CcSsoO

AWFW

AWRT

ACF

AG

SC

oe

A2, 1

-x EE

NMS

Pl

Mark is for method

Mark is dependent on one or more m marks and is for method

Mark is dependent on m or m marks and is for accuracy

Mark is independent of m or m marks and is for method and accuracy

Mark is for explanation

Follow through from previous incorrect result

Correct answer only

Correct solution only

Anything which falls within

Anything which rounds to

Any correct form

Answer given

Special case

Or equivalent

2 or 1 (or 0) accuracy marks

Deduct x marks for each error

No method shown

Possibly implied

Copyright © 2019 Oxford International AQA Examinations and its licensors. All rights reserved.



INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
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SCA Substantially correct approach
sf Significant figure(s)
dp Decimal place(s)
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

EXAMPLE RESPONSES
QUESTION 1

1

A particle, of mass 0.1 kg, is attached to one end of a light inextensible string of length
0.8 metres.

The other end of the string is attached to a fixed point O.

The particle is released from rest with the string taut and at an angle of 407 to the vertical
through O.
0

N
=
[&]

[ A T L S A, (T e R

Assume that there are no resistance forces acting on the particle.

1 (a) Find the speed of the particle when it is directly below O.
[3 marks]
1 (b) Find the tension in the string when the particle is directly below O.
[3 marks]
MARK SCHEME
Q Answer Mark Comments
1 M1: GPE found using either cos40® or sin
— oy — 2
0.1x9.8% 0.8(1—cos40°) == x 0.0v% | oy ay | 40
1(a) |v=,1568(1—cos40°) = 1.9ms™* Al A1l:Correct energy equation
A’l: Correct speed. AWRT 1.9
3
_ _ 15.68(1 — cos40%) M1 M1- Equation of motion using radial
T—-01x98=01x 0.8 Al acceleration formula. Allow their speed
1 (b) T=14N Al from part (a).
Al: Correct three term equation of motion.
Al: Correct tension. AWRT 1.4
Total
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

STUDENT A
RESPONSE

1 (a) Find the speed of the particle when it is directly below O.

2 ) [3 marks]
O,IJE")kE ,v;“r-l-ﬁhl' ;’l}-:v
DEW U.Jﬁsrmpmm)
et U= 1924 e 8
Answer {?}" ms™
1 (b)  Find the tension in the string when the particie is directly below O.
[3 marks]
_ fﬂ s F.:i WO—— L.¥5 .
- R ‘ﬂh ..
- mfg-f- c.ig[f—ﬂﬂ-)
= [[%4~ )
Answer [-&% N
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

COMMENTARY

In part (a), the student made an incorrect start, omitting the length of the string but realized this error and
then completed the question correctly. Note that the student cancelled the mass at the start of their
working and never actually used the value of 0.1.

In part (b), the student produced a clear equation to illustrate the approach to be taken. Note that the
student substituted an expression for the speed rather than using their value of 1.92 to ensure that an
accurate final answer was obtained.

The student did not follow the instruction to give their answers to 2 significant figures but was not
penalized for this in this question.

MARKS AWARDED: The student was awarded 6 marks out of a possible 6.

RESPONSE

1 (a) Find the speed of the particle when it is directly balow O

[3 marks]
Geovitotionod potewo ewdgy.
waQh = 0.1*93x (08-08:cosys)
A LT L ST e
o &m%b\ = » ek

083 = Foi v
PR | 1‘:‘% ___________

Answer 10\ ms"
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1 (b) Find the tension in the string when the particle is directly below O

o [3 marks]
e v
| = Y™M§ -
2 ——
9
ol--
= 04x48 - ——
o3
- = S
Answer OEL M

COMMENTARY
In part (a), the student provides a very clear, well set out solution.

In part (b), the student includes the correct terms in their equations but makes sign errors, gaining only 1
of the available marks. Also note that this student uses their rounded answer for the speed from part (a).

This student did give all of the final answers correct to two significant figures.
MARKS AWARDED: The student was awarded 4 marks out of a possible 6.
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

QUESTION 2

2

A bungee jumper, of mass 75 kg, is attached to one end of an elastic rope of natural
length 20 metres.

The other end of the elastic rope is fixed to a bridge.

The bungee jumper steps off the bridge at the point where the rope is fixed and falls
vertically downwards.

During the bungee jump the maximum length of the elastic rope is 50 metres.

2 (a) Find the modulus of elasticity of the elastic rope.
[3 marks]
2 (b) Find the maximum speed of the bungee jumper during the motion.
[7 marks]
MARK SCHEME
Q Answer Mark Comments
Ax 30° M1 M1: Correct GPE used in two term
~ o0 = [0 % 98x50 B1 | energy equation.
2 (a) B1: Correct initial EPE.
5= 1470000 _ 4900 _ 4 o000 Al A1: Correct modulus.
) 200 3 AWRT 1600
3
Max speed when: M1: Tension and weight equated.
4900 x e 75 % 9.8 M1 B1: Correct tension
3w 20 : B1 A1: Correct extension for equilibrium.
M1: Energy equation with at least two
e=9m Al terms correct with any signs
2 (b) M1: Energy equation with correct terms
Speed given by: M1A1 | and any signs.
1 , , 4900 x 9° Al A1: Correct eguation.
29% 75 %98 =oxT5v"+————-| A1 | Al Correct speed
v =+480.2 = 22 ms~? AWRT 22
7
Mo air resistance. B1
2 (c) | Bungee Jumper is a particle B1: Two appropriate assumptions.
1
Total 11
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

STUDENT A
RESPONSE

2 (a) Find the modulus of elasticity of the elastic rope.

[3 marks]
_____ _ EprfE  coseddg.gl]x20
nh = S kU = |p24N
Tsxi€rso = & Kx3”
K= 4] Mn.
Answer ”ﬂﬂ' = M
2 (b) Find the maximum speed of the bungee jumper during the motion.
[7 marks]

R Sl e

- e I (02 &8 /4 P8
L2085, ) tlcliﬂ
e 23 {:12 hu EpEﬂEk ;

et detepd) L
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

2 (c)  State two key assumptions that you made to obtain the answers in parts (a) and (b)
[1 mark]

Tew i 4o plc o @stftne . |
Assume. e ;hnF[an.nL"4nﬂihf B

COMMENTARY

In part (a), the student forms an equation to find the stiffness of the rope and then obtains the modulus of
elasticity from this.

In part (b), the student begins by stating that the acceleration must be zero and uses this to find the

corresponding length of the rope. The student then applies conservation of energy to find the required
speed.

Two valid assumptions are stated in part (c).

The student did not follow the instruction to give their answers to 2 significant figures but was not
penalized for this in this question.

MARKS AWARDED: The student was awarded 11 marks out of a possible 11.

STUDENT B
RESPONSE

2 (a) Find the modulus of elasticity of the elastic rope.
[3 marks]

| jl- AL - o

o T . I ~ A=4f0 N.
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

2 (b) Find the maximum speed of the bungee jumper during the motion.
[T marks]

11’ ' E?._ziMMM
mé Wien zrfafﬂteéﬂa{ pemt. it _only as
...... ﬁﬂﬁ(ﬂ[ ﬁ.r #Jﬁr(ﬁeﬁ.._

_Le_._aeui Qaaffz %
S mrzax

So
Eat p: %wuqﬂ tudf o)
:.X?.?J’V‘f,{fﬁfd'gfﬂﬁﬂ‘-jﬂa&z_
Voo V=B B[ pms!,

Answer _?_L ms™

2 (c) State two key assumptions that you made to obtain the answers in paris (a) and (b).
[1 mark]

P Hhere 55 _no_pir sesistonce.

2 Zhe yope .aLEfLﬂmfe’s low -

COMMENTARY

This student does not adopt the correct strategies in either of parts (a) and (b). In part (a) the student uses
energy rather than considering forces and in part (b) considers energy rather than using the forces to find
an extension first. The student does not seem to be sufficiently aware of the properties of this type of
motion.

The student did give two valid assumptions in part (c).

MARKS AWARDED: The student was awarded 1 mark out of a possible 11.

Copyright © 2019 Oxford International AQA Examinations and its licensors. All rights reserved. 12



INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

QUESTION 3
3 A disc, of mass 0.5 kg, i1s moving on a smooth honizontal surface, when it hits a smooth
wall.

When it hits the wall, the disc is moving at 5 m s™' and its velocity makes an angle of 30°
with the wall.

The coefficient of restitution between the disc and the wall is 0.4

The disc rebounds with a speed of vm s™' at an angle « to the wall, as shown in the
diagram.

3 (a) Find the value of a.

[7 marks]
3 (b) Find the value of v.

[3 marks]
3 (c) Find the magnitude of the impulse on the disc.

[3 marks]
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

MARK SCHEME
Q Answer Mark Comments
5c0s30° = veosa M1A1 | M1: Equation for motion parallel to wall.
M1A1 | A1: Correct equation.
0.4 x 55in30° = vsina M1: Equation for motion perpendicular to
wall. Must include 0.4
sine  2sin30° M1A1 | A1l: Correct equation.
3(a) cosa  5cos30° M1: Expression for tan a
23 A1: Correct expression.
tana = 15 Al A1: Correct angle. AWRT 13°
a = 13.0039°
a=13"
7
- 5cos30° M1A1 | M1: Equation with v as the only unknown.
"~ cosa A1: Correct equation.
v =44 A1 | A1: Correct value for v. AWRT 4.4
Or
3 (b) 25in30° (M1A1)
v= sina
v = 4.4 (A1)
3
I =0.5x 444sin13” — 0.5(—5s5in30%) M1A1 | M1: Impulse equation with correct values
and any signs.
3(¢) |I=17Ns A1 | A1: Correct equation.
A1: Correct impulse AWFW [1.7, 1.8]
3
Total 13
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

STUDENT A
RESPONSE

3 (a) Find the value of «

(Vo5 = 5%c0s 30"

L ¥vsind = 4 51230 v0.4

- 250

|74 T .ﬁ"IE R

E:";;;_?.{nﬂ = § 0530

0sA _ A gos30

i == =

3ma ¥1n J0°

[7 marks]

fana:

2
iz

2 sim )0
_Sc0sI9
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

3 (b) Find the value of v.

[3 marks]
Vs 13" 5x¢as30°
v 14 o
Answer 4.9
3 (c) Find the magnitude of the impulse on the disc.
[3 marks]
x Y- Wi e ~14) .
A
F= 1 = 05 (5m30"t 4.4% 55088 sins5")
=N
Answer @ »}I? Ms

COMMENTARY

This student formulated correct equations for the velocity of the disc before and after the collision with the
wall and manipulated these to obtain the required angle in part (a) and the value of v in part (b).

It is interesting to see that the student initially worked with the velocities, rather than the components of
the velocities for part (c).

MARKS AWARDED: The student was awarded 13 marks out of a possible 13.
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

STUDENT B
RESPONSE

3 (a) Find the value of a. !

s . Soug il

3_._..‘55"-“-5“ L §E:_x&___: 3’__,1__;_‘7.

2 _ voesa % i}
R §eoryo® -8 LTy .
_VeCosa =13, -
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

3 (b) Find the value of v.

i JB [3 marks]

(P58
= 304

3 (c) Find the magnitude of the impulse on the disc
W = A [3 marks]

I = A=AV .
= 05 (3.04-5)
= -093

Answer — O-—C\% . Ns

COMMENTARY

In part (a), the opening statement by the student shows some understanding of the ideas required for this
question. However, the student resolves incorrectly, but consistently. As a result, the student gains the
three method marks that are available. Mixing up the use of sine and cosine in questions like this is a fairly
common error.

In part (b), the student uses the same incorrect equations as in part (a) and is only able to obtain the one
method mark.

In part (c), the student uses the velocities and not the components of the velocities. This is similar in
principle to the initial approach of Student A. It is also interesting to note that this student gives a negative
value for their final answer, which should be positive as the question asks for the magnitude of the
impulse.

MARKS AWARDED: The student was awarded 4 marks out of a possible 13.
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

QUESTION 4

4

4 (a)

4 (b)

4 (c)

A particle, of mass m, moves on a horizontal line subject to a resistance force of
magnitude kv, where kis a constant and v is the speed of the particle at time r.

When =0, the particle is at the origin and has speed U.

Show that
dv_ '
m e
where x is the displacement of the particle at time r.
[2 marks]
Show that the particle travels no further than % from the origin.
[4 marks]
Find, in terms of k and m, the time taken for the speed of the particle to
decrease to %
[7 marks]
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

MARK SCHEME
Q Answer Mark Comments
dv M1: Differential equation with correct
my o= = —kv M1 | terms and any signs.
Al A1: Simplified comrect differential
4 la] dir = i
quation.
m—=—k
dx
2
me=—kx+c¢ M1 M1: Integrating their equation. Condone
Usingx=0,v=U omission of c.
ml=c¢ A1 A1: Correct integration.
Usingv =10 M1: Initial values used to find c.
4(b) (0=—kx+mU M1 A1: Correct value of ¢ and correct final
_mU answer from correct working.
=0 A1
4
dv k M1: Differential equation with correct
m dt v M1 terms and any signs.
mdv " M1: Integrating their equation. Condone
vdt M1 omission of c.
min(v) = =kt + ¢ Al A1: Correct integrals.
Usingt=0,v=U M1 M1: Initial values used to find c.
4(c) |mn(U)=c A A1: Correct value of c.
Using v = % M1: Substitutes %
u : '
min (_) = —kt + min(U) M1 A1: Correct time.
2
m A1
t =—In(2)
k 7
Total 13
STUDENT A
RESPONSE
4 (a) Show that
o k
"
where x is the displacement of the pariicle at time ¢
[2 marks)
v
A~ - - =
[ ﬁl;: 2 me af = ma -y @
e F:zma=kV
i :_J.; = =kv: k
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4 (b) MMMHMMmmm"T”mmm

Fe
|3
.
=
L1}
| @
>
3

S —
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4 (c) Find, in terms of k and m, the time taken for the speed of the particle to

Copyright © 2019 Oxford International AQA Examinations and its licensors. All rights reserved. 22



INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMO5, UNIT FM2

COMMENTARY

This student completes all parts of the question with detailed mathematical arguments. It is interesting to
note that the incorrect attempts have been clearly crossed through and replaced with correct working.

In part (a), the student clearly indicates how the product of the derivatives has been used.

In part (b), the student shows all stages of the integration, the value of the constant of integration and the
condition required to obtain printed answer is stated clearly.

Similarly, in part (c), all stages of the integration are shown and the value of the constant of integration
stated. The velocity given in the question is then used to find the required time.

MARKS AWARDED: The student was awarded 13 marks out of a possible 13.
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EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

STUDENT B
RESPONSE

4 (a)  Show that

dv A
mdx—

whera x is the displacement of the particle at time 1.

~daa=kyetn [z-}:-hvima.

_movf v

[2 marks])

m =<k )

4 (b) Show that the particle travels no further than ';—U from the origin.

il Sl o [4 marks)

J

my = —Rxt L.
'Lrvlv{fl__t 20 £=0 v=U
o h AL
Amy-kxtmV e I L el
mv=ml = <ky

when V=10
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

4 (c) Find, in terms of k and m, the time taken for the speed of the particle to
decrease to -
[T marks]
Iﬂ".:‘: €n V= TU

COMMENTARY

. d - .
In part (a), this students uses the fact that a = vd—v and shows the minimum amount of working needed to
X

obtain the marks for this part of the question, in contrast to Student A who shows how this result can be
obtained.

In part (b), the student provides a good complete solution.
, d : , .
In part (c), the student tries to use 7x but equates this to a constant and obtains a very simple but
t

incorrect result. Without forming a second differential equation, this student was unable to gain any of the
marks for this part of the question.

MARKS AWARDED: The student was awarded 6 marks out of a possible 13.
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

QUESTION 5

b In this question, give your final answer to each part to three significant figures.

A sphere, of mass 0.5 kg, is attached to one end of a spring, of natural length S0cm.
The other end of the spring is attached to a fixed point, O.
The sphere is pulled down and released from rest at a point directly below O.

The sphere performs simple harmonic motion moving between two points A and B, which
are 10 cm apart, with A above B.

During this motion, the maximum speed of the sphere is 1.5 m 57

5 (a) Find the period of the motion.

[3 marks]
5 (b) Find the stiffness of the spring.

[3 marks]
5 (c) Find the maximum length of the spring during the maotion.

[4 marks]
5 (d) Find the speed of the sphere when the spring is at its natural length.

[3 marks]
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INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

MARK SCHEME
Q Answer Mark Comments
1.5 = 0.05w M1 M1: Max speed used to form an equation
w =30 Al to find w.
, 2 A1l Correct w.
5(a) | Period = 75 = 0.209s A1 | A1 Correct period. AWRT 0.21
3
As SHM M1: Differential equation in terms of k.
0.5% = —kx M1 A1: Correct equation for k.
5(b) |2k =30° A1 | A1: Correct k.
(b) 900 A1
k= T = 45[] N I'I'I-:I
3
In equilibrium M1 M1: Equation to find extension in
0.5 % 9.8 = 450e equilibrium.
49 0.0105 A1 A1: Correct extension.
=450 m Al A1: Correct maximum extension.
5(c) Max extension = 0,0109 + 0.05 A1: Correct maximum length. AWRT 0.56
= 0.0609 m A1
Max length = 0.0609 + 0.5 = 0.561m
4
v = 30%(0.05% — 0.0109%) M1A1 | M1: Use of SHM equation with correct
v=146ms? A1l values. The terms x and a may be
5 (d) interchanged.
A1: Correct equation.
3 A1: Correct speed. AWRT 1.5
Total 13
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STUDENT A
RESPONSE
5 (a)  Find the period of the motion.
o [3 marks]
um mﬂ .ﬂziﬂ-:-—'ip_:_m ‘:G'ﬂf—m
L=o0: ar(zr\ o T = 0-0¢ (27)
e
- = |lr-a.2094
\S
Answer O - 201 soconds
5 (b) Fi;rdthtiﬂﬂnu:uflmm_ j : |
4 € 4 Ale += —_—
@ _-f._—._,_:. Mj M;WM)} { _:Ma*-ﬂﬂ&
L gey ai"" R e E.E*::l;. +dx = -t
¢ T

o e L g
as" t_gHﬂ*w{Q_E:_L__F e
2 F .2 ©-SKo-A(20) = 22C

(&) L) .. = 9 M.:j =3ry el

Mm;ﬂifo | Nm™"
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5 (c) Find the maximum length of the spring during the motion.

Answer ﬂﬁ(:ﬂl __m

5 (d) Find the speed of the sphere when the spring is at its natural length.

</

Ve &) 4% o
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COMMENTARY

In part (a), students were expected to identify the value of @, but this student kept this as an unknown and
found the period correctly without identifying the value of .

In part (b), the student provided a detailed argument to find an expression for the acceleration of the
sphere. It worth noting how this student defines the value of e used in their working. Interestingly, this
student first finds the modulus of elasticity and then the stiffness.

In part (c), the student first finds the extension in the equilibrium position and then uses this to find the
maximum length.

In part (d), the student uses their distance from part (c) and substitutes this into the SHM equation to find
the correct speed.

This student gives all of their answers to three significant figures as instructed in the question.
MARKS AWARDED: The student was awarded 13 marks out of a possible 13.
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STUDENT B
RESPONSE

5 (a) Find the period of the motion.
[3 marks]
R PR C T pemeEa s T s =
hg = wxpos
=30
T 5 _ :
= 6’.1 1]‘ —— —————————————
Answer 0. 4, seconds
5 (b) Find the stiffness of the spring. [3 marks]
7e EfE 3
02=27% ,r'_'ii__
R =493 Non o _
Answer 49 Nm™

31
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5 (c) Find the maximum length of the spring during the motion.
. \ [4 marks]
T: éx :M?
Xz BER .
B =9 9% 3., B ¢ o
L= 1.9%/073x 0.05 #g.5
_=bs¢ E
mower  PHFES 056 m
5 (d) Find the speed of the sphere when the spring is at its natural length.
[3 marks]
V:Im AL_I;._ S . il
gk GOSN -ahNeg® o
ol L s S AN v T R R
Answer .4 1 ms”'
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COMMENTARY

In part (a), the student obtains the correct value for w and uses the correct approach to find the period.
However, as the student only gives their final answer to one significant figure the final accuracy mark for
this part was not awarded.

In part (b), the student correctly quotes the formula for the period and substitutes values to find the
stiffness. The approach is correct, but because the rounded answer from part (a) is used the student is
unable to obtain the correct final answer and does not gain the final accuracy mark.

In part (c), the student again uses the correct approach, but is hampered by their incorrect stiffness. In this
case the student is given credit for the correct approach and gains three of the four available marks.

In part (d), the student obtains an acceptable answer but this seems to follow from incorrect working as
there is a spurious 2 inside their square root.

This student has suffered the consequences of rounding their answer to part (a) to an unacceptable level
and then using this rounded value in later parts of the questions. Students should be encouraged to use
answers that have not been extensively rounded in later calculations within a question.

MARKS AWARDED: The student was awarded 9 marks out of a possible 13.
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QUESTION 6

6

A ball is thrown from a point O on a plane which is inclined at an angle of 30° to the

horizontal.

The ball is thrown up the plane with velocity U m s~ at an angle @ to the inclined plane.

The ball travels in a vertical plane containing a line of greatest slope of the inclined plane.

The velocity of the ball is perpendicular to the plane when it first hits the plane.

6 (a) Show that
3
tanéd = —
2
[7 marks]
6 (b) Find, in terms of U, the speed at which the ball first hits the plane.
[4 marks]
MARK SCHEME
Q Answer Mark Comments
1
= Usinft — — op2
y = Usindt 2 geos30°t M1A1 | M1: Equation for distance from the plane.
Allow sign / angle errors.
. V3 A1: Correct equation.
0 = Usingt — 7 9t M1 M1: Solving their quadratic for ¢
4Using
- a3 A1 A1: Correct time.
6
(@) % = Ucos6 — gsin30°t M1 M1: Equation for velocity parallel to the
i plane. Allow sign / angle errors.
g 4Using i
0= Ucosf —— x — Al A1: Correct equation.
2 gv3
v3cosd = 2sind
V3 A1 | Al: AG, CSO.
tanf = —
2
7
y = Usind — gcos30°t M1 M1: Equation for velocity perpendicular to
the plane. Allow sign / angle errors.
v=U E—ngix 3 A1: Correct equation.
7 2 gv3 7 A1 A1: Correct velocity
3 A1l Correct speed.
6 (b) = —U 2
g 7 A1
Speed = L’ﬁ = U;ﬁ = 0.65U Ad
4
Total 1"

Copyright © 2019 Oxford International AQA Examinations and its licensors. All rights reserved.

34



INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

STUDENT A
RESPONSE
6 (a) Show that
wng =33
2

[7 marks]

U'I o H«Tt g"l:

= JsmB % - jwti.’ +
V= UWxroaxt
= Um&___:_jj_mhlt_____.___.__________________.._ =
o fan N g S E

- J-Uiﬁ'l’ﬂ 1
s \na UH;.E..:..QET.‘.?' 'jmi-' - Uhsﬂ-'{_‘lulmﬂ

wl"ﬁi?. FtL[uuML_u_l_a.v_/thL:_ T!ﬂmt .

S \xzo
\ B
o U:ﬁFt.:__;—_ Jsmb=0o e
2 s = ies
! 5
“tenP = =4
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6 (b) Find, in terms of U, the speed at which the ball first hits the plane.
[4 marks]
|
? 13
2 b’:.__._".-!’j. = (s —qessye ¢ ':r\b
= 1} . alJsmb
= _5mﬁ__~Jnds.ia -Jw_“”. = _
= =) smP B
a fﬂﬂs: _"E_
o
s S P - ﬁ = _-,,_" -

b e ve-E ) = Fa
.. 'Sf}u'ir = L-.l:;:‘ U mg'l
Answer "I-::L' {) r--s" -

COMMENTARY
This student used a very well presented and logical approach to obtain the required results. The working
was easy for the examiner to follow and showed that the student had an appreciation of the ideas that

were needed to obtain both results.
MARKS AWARDED: The student was awarded 11 marks out of a possible 11.
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STUDENT B
RESPONSE

6 (a) Show that

H’H?EE
2
ﬁ 'Il »o" i [7 marks]

U = (os@-Ul + Swme U,

o

[

o
4

Vi = SimBu- gnboat =o.

Siv bo” A
Tiwd Wi th ball Wit tig quund 2310y
Sim 6¢' o
Ve z CosB-u— a,.;g.,'h‘ 25inBu - p.
) g'\n Eo;h
Cos@ .Yy =2 Cosbo 51BN
...... ;rh Bnﬁ T ——— —
ShB Sinbe” J32

(030 — Jcoske @02

Copyright © 2019 Oxford International AQA Examinations and its licensors. All rights reserved. 37



INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

6 (b) Find, in tarms of U, the spead at which the hé@the plane.

A A o

— B ¢ :
'—'—\‘{1; Qﬂiﬁ L = -

[4 marks]

COMMENTARY

In part (a), the student provided a good solution, but did not write tan @ as part of their final line of
working. In this case the examiner used the benefit of the doubt principle and awarded all of the marks,
but the student did run the risk of not gaining the final mark by this omission.

In contrast, in part (b), the student was not able to identify a strategy and seemed to assume that the
component perpendicular to the plane on impact would be the same as the component at O. This is
probably an error made by comparing the motion to that above a horizontal plane.

MARKS AWARDED: The student was awarded 7 marks out of a possible 11.
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QUESTION 7

7

7 (a)
7 (b)
7 (c)

7 (d)

Two smooth spheres, A and B, are the same size.
Sphere B is initially at rest on a smooth horizontal surface.

Sphere A is moving at 4 m s~ at an angle of 60° to the line of centres when it collides
with B, as shown in the diagram.

4ms?

Line of centres

The mass of A is 3 kg and the mass of Bis 2 kg.

The coefficient of restitution between the spheres is 0.6

Describe the direction in which B moves after the collision.

[1 mark]
Find the speed of B after the collision.
[6 marks]
Find the magnitude and direction of the velocity of A after the collision.
[4 marks]
Find the magnitude of the impulse on A during the collision.
[2 marks]
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MARK SCHEME
Q Answer Mark Comments
B will move along the line of centres. B1 B1: Correct statement about the line of
7 (a) centres.
1
Conservation of momentum along line of M1: Three term equation for conservation
centres: of momentum. Allow trig errors.
3 % 4c0560° = 2vg + 3, M1 Al: Correct equation.
6 = 2vg + 3V, Al
Use of law of restitution: M1: Restitution equation. Allow sign / trig
v, — vg = —0.6(4cos60° — 0) M1 | errors. _
7(b) |va—vs=-12 Al A1z Correct equation.
Ve = e — 1.2 M1: Solving their equations.
5A= ZUBB +3(vy — 1.2) M1 Al: Correct speed to 2 sf. Accept 1.92
9.6 i
g =—=19ms Al
5
6
Velocity along line of centres: M1: Finding velocity along line of centres.
=192-12=0.72 M1 M1: Finding velocity perpendicular to the
Velocity perpendicular to line of centres: line of centres.
= 4sin60 = 23 M1 _ _
Magnitude of velocity: Al: Correct magnitude of velocity.
7 > AWRT 3.5
(c) J{}.?zz +(2v3) =35ms! Al A" Correct direction. AWRT 78
Direction &to line of centres:
2v3 A1
— -1 — o
8 = tan (0.72) 78
4
I=2x%192=38Ns M1ATF | M1: Impulse equation with correct values
and any signs.
7 (d) ATF: Correct impulse. AWRT 3.8
FT their velocity .
2
Total 13
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STUDENT A
RESPONSE

7 (a) Describe the direction in which B moves after the collision

_..F‘ﬁf - farﬂla'—{f -t ﬂ:"f#{ M‘H e
7 (b) Find the speed of B after the collision.

(6 marks]

phombo = 2laend- 3Upt2Vg.

Ietger— ([ =3V, 52}
fosbo xob=Va-Vn.
[.2=Va-Vjy
- 2.§=2% -2V .
-{'VA =34 R |
Vg = 6027 )
Vg=/2t02 = [q2mfs.
Answer / 72 i
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T () Find the magnitude and direction of the velocity of A after the collision.
7 1 " [4 marks]
I/ —?(4«;14{':'} 4072 = [2.5
(/= 3.5%~/5
fsabo . 78.32°
.{ﬁ'@: .~ iw — - e M E
3.
Magnitude M. T ms
Ovecion___ 78.3" ¢ Jumach.
7 (d) Find the magnitude of the impulse on A during the collision.
[2 marks)
po mo I/ = 3x (Gesbo~ 012 )
= 3.3% p\
Answer L l‘!_?_ ~ Ns
COMMENTARY

In part (a), the student was awarded the mark, although “along the line of centres” would have been a

better answer.

In part (b), the student carefully sets up and solves the appropriate equations.

In part (c), the student uses both components to find both the magnitude and direction as required.

In part (d), the student uses the components parallel to the line of centres to find the correct impulse. The
student did not realise that it would have been easier to find the magnitude of the impulse on B, which
would be the same as the magnitude of the impulse on A.

MARKS AWARDED: The student was awarded 13 marks out of a possible 13.
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STUDENT B
RESPONSE
7 (a) Describe the direction in which B moves after the collision.
[1 mark]
E' mHE v o A2 émnm:éﬁmn{_“@&_ﬁu
7 (b) Find the speed of B after the collision.
[6 marks]

PH-FW:!;MMI‘ 4 tv

A Ti-.a,_# WJMF-!-.T *jvq_;,g, L:)j_.q:__n-_f centres w{,ﬂﬂngﬂf,

Fog _5 Ma Wg + Mg Up = ¥, Vg + Mg\s

Vi =
M- V. Salh

Wa=-Ha

Va-Va < bty & voshe xob
I+ Ve = b

ii X heshe = 3 Vp+a

Ve-Va =32

Copyright © 2019 Oxford International AQA Examinations and its licensors. All rights reserved. 43



INTERNATIONAL A-LEVEL FURTHER MATHEMATICS (9665)
EXAMPLE RESPONSES WITH COMMENTARY: FMOS5, UNIT FM2

7 (c) Find the magnitude and direction of the velocity of A after the collision.

|

Magnitude w?:ﬁ} 3.5 ms™

% 18 I)

entres.
- Lettetn +he hapgen “f ¢ h,;b:b
(LH“ irection ?? ﬂ Mw =

7 (d) Find the magnitude of the impulse on A during the collision.

h."iwh [ (;:J ‘-r)l ﬁ MNs oo )

Answer 9 1. 28 Ns

COMMENTARY

In part (a), the student gives a very common answer, which is not precise enough to gain the mark. To
gain the mark here the phrase “the line of centres” needed to be stated.

The student provides good solutions to parts (b) and (c), showing a familiarity with the topic.

In part (d), the velocities are used to find the impulse rather than the components of the velocities. This
was a common error. Impulse does seem to have been found to be a difficult concept by many of the
students taking this examination.

Note that the final answers given by this student were not given to two significant figures as instructed.
MARKS AWARDED: The student was awarded 10 marks out of a possible 13.
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